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A DYNAMICAL ZETA FUNCTION FOR GROUP ACTIONS 


RICHARD MILES 


Abstract. This article introduces and investigates the basic features of 
a dynamical zeta function for group actions, motivated by the classical 
dynamical zeta function of a single transformation. A product formula 
for the dynamical zeta function is established that highlights a crucial 
link between this function and the zeta function of the acting group. A 
variety of examples are explored, with a particular focus on full shifts and 
closely related variants. Amongst the examples, it is shown that there 
are infinitely many non-isomorphic virtually cyclic groups for which the 
full shift has a rational zeta function. In contrast, it is shown that when 
the acting group has Hirsch length at least 2, a dynamical zeta function 
with a natural boundary is more typical. The relevance of the dynamical 
zeta function in questions of orbit growth is also considered. 


1. Introduction 


The zeta function of a dynamical system is a fundamental invariant that 
has warranted considerable attention since the definitive work of Artin and 
Maznr [T]. Ruelle [29] provides an introduction to various guises of this 
function, and a comprehensive survey by Sharp in the context of periodic 
orbits of hyperbolic flows may be found in m- For a discrete time dynamical 
system given by a transformation T : X —)■ X of a state space X, the 
dynamical zeta fnnction is defined formally by 


Ct{z) = exp^ 


FT(n) .,n 


where F 7 ’(n) = \{x € X : T'^x = x}|. As well as being an important 
invariant in its own right, Ct is often related to other dynamical invari¬ 
ants, especially if the dynamical system (X, T) is framed in a topological 
or measurable context 15], d], [Mj. For example, if T is a hyperbolic toral 
automorphism, then the radius of convergence of Ct is exp(—h), where h is 
the topological entropy. Natural applications involving Qt may be found in 
studies of orbit growth [26| , [27] , |M] . 
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In this article, we introduce and investigate the basic features of a dynam¬ 
ical zeta function for group actions, motivated by the classical dynamical 
zeta function described above. This programme can be traced back to the 
pioneering work of Lind m, who introduced a dynamical zeta function for 
a Z'^-action by homeomorphisms of a compact metric space. A compatible 
definition has been introduced for actions of the infinite dihedral group Dqo , 
by Kim, Lee and Park m, and the definition given here generalizes both 
these, and the definition used by Artin and Mazur. Notably, Kimoto m 
has also considered alternative definitions of zeta functions associated with 
finite group actions. 

Let G be a finitely generated group and let Cc denote the collection of 
finite index subgroups of G. We tacitly assume throughout that G is infinite. 
For any L G Cq, write [L] = [G : L] when the supergroup is clear. Since G 
is finitely generated, for all n ^ 1, the collection of subgroups of index n 
in G is finite. Denote this collection by Coin) and write adn) = |/1g(u)|. 
Suppose that a is a G-action on a set X such that for all L G Cg the 
cardinality Fq,(L) of the set of L-periodic points 

FiXa{L) = {x & X : gx = X for all g € L} (1) 


is finite. The dynamical zeta function of a is defined formally by 

Ca(2) = exp 


Note that for an invertible transformation T, the classical dynamical zeta 
function fx agrees with the definition above, with a being the Z-action 
generated by T. 

A central focus in the investigation here is the relationship between d 
and the zeta function of the acting group [l2] (see also m and m), defined 
by the formal Dirichlet series 


Cg(^) = 


acjn) 


In particular, a key tool will be the Dirichlet series 




Cl{z + 1) _ bijn) 


( 3 ) 


where L G Cq: and C = Cz denotes the Riemann zeta function. Note 
that has rational coefficients for all L G Cg- The relationship between 
these Dirichlet series and (a arises via the development of product formulae 
for (a- The classical dynamical zeta function has the well known product 
formula 

= nilw 

r 

where V runs through all finite orbits of the Z-action a, and this is often 
regarded as the dynamical analogue of the Euler product for the Riemann 
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zeta function. In analogy with the Ihara zeta function for a finite connected 
graph (for example, see [35]), one could begin with a product formula as 
the definition of a dynamical zeta function for a group action. However, (HD 
does not correspond to ([2|) in general nor, in particular, with the existing 
studies m and m, except in the case d = 1 in m- 

When deriving a product formula formally equivalent to ([2|), one needs 
to take into account the various isomorphism classes of stabilizers in G, and 
this introduces a significant level of complexity. Before stating the main 
product formula for first note that for any finite orbit Y, all stabilizers 
of elements of Y lie in the same isomorphism class, for which we may choose 
an appropriate representative in L{Y) £ Cq. Note also that our hypotheses 
ensure that there are only finitely many orbits of a given cardinality (see 
Lemma 12.31) . so the product given below is properly defined. 

Theorem 1.1. Let G be a finitely generated group and let ol be an action 
of G on a set X such that fa{L) < oo, for all L £ Cg- Then the dynamical 
zeta function (ai^) is given by the product 

V n^l 

where Y runs over all finite orbits inX, LiY) is the stabilizer of any element 
of Y and the exponents hi(Y){n) £ Q, n ^ 1, are the coefficients of the 
Dirichlet series X^y) given by Hence, if has integer coefficients 
for all L G Cq, then the formal power series for (a has integer coefficients. 

The concluding sentence of the theorem highlights part of the motivation 
for obtaining a product formula for The presence of integer coefficients 
in the formal power series for has has proved to be important when 
studying the analytic behaviour of both the classical dynamical zeta func¬ 
tion [3], random dynamical zeta functions [6] and Lind’s dynamical func¬ 
tion [18], [22], [25], since the celebrated Polya-Carlson theorem [7], [28] may 
then be brought to bear. It is also worth noting that product formulae 
for Lind’s dynamical zeta function feature prominently in certain studies of 
higher-dimensional shifts of finite type [2]. 

The second main result concerns full shifts of groups having polynomial 
subgroup growth (PSG groups) and Hirsch length at least 2 (for a definition 
of Hirsch length, see Section [2]). This is obtained using a simplified form 
of ([5]) that we deduce for full shifts (Theorem 14.ip coupled with conclusions 
that we draw (Proposition I2.6jl from Shalev’s classification of groups with 
bounded subgroup growth [32] and the Polya-Carlson theorem. 

Theorem 1.2. Let G be a polycyclic-by-finite PSG group such that the 
Dirichlet series Xq has integer coefficients. If G has Hirsch length at least 2, 
then for the full shift <j{G) of G on , where A is a finite alphabet, the 
dynamical zeta function Ccr{G) ^^s a natural boundary at the circle of con¬ 
vergence \z\ = |.4.|~^. 
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We also include a related result (Corollary 12.7p for actions generated by 
automorphisms of compact connected abelian groups, obtained by applying 
the authors previous work [22], that further motivates Theorem ll.il 

The examples explored emphasize the role of Cg and the importance of ex¬ 
plicit formulae for that have been obtained, as for example by Grunewald, 
Segal and Smith m ctiid dll SsiUtoy, IVIcDcrniott Ofiid Sinitli [9]- Not© thsjt 
the development of such formulae is now quite advanced m, and we in¬ 
vestigate only a small fraction of the many possibilities available here. Our 
examples show that when the acting group is virtually cyclic, Ca may in 
fact be rational and, in contrast with [TB] and m, we find that there are 
infinitely many non-isomorphic groups for which the full shift has a rational 
dynamical zeta function. Beyond full shifts, the subgroup conjugacy class 
structure in Cq is seen to play a more significant role and this is illustrated 
with the help of an action a of the planar symmetry group pm = 7? x C 2 on 
a projected shift space. This group was chosen because £pm has a non-trivial 
partition into finitely many isomorphism classes, has integer coefficients 
for all L £ Cg, and pm has the advantage of being a fundamental expo- 
sitional example treated in [9|. For this action, we find that may be 
calculated with the aid of shifted factorials. 

The paper is structured as follows. Section [2] assembles some preliminaries 
concerning finite orbits of group actions and also develops some fundamental 
properties of the zeta function, including the consequences of the authors 
earlier paper [22] and our deductions based on Shalev’s work and the Polya- 
Carlson theorem. Also in this section, in light of earlier studies by the 
author and Ward |2l], [23], by using Mobius inversion on the incidence 
algebra of Cg, we highlight how the dynamical zeta function may find further 
applications in studies of orbit growth. In Section [3l we develop product 
formulae for Qa, giving the proof of Theorem 11.11 in two natural stages. 
Section 0] contains the more detailed investigation of full shifts and related 
examples. Finally, we conclude with a list of open problems. 

2. Finite orbits and fundamental properties of 

We begin by recalling some important invariants of finitely generated 
groups. Let G be such a group. When G is polycyclic-by-finite, there is a 
finite index subgroup Gm ^ G with subnormal series 

{1} = Go <1 Gi <] G 2 <1 • • • <3 Gm, (6) 

where G^IGk-i is infinite cyclic for all 1 ^ ^ m. The Hirsch length of G 

is equal to m and this is an invariant of G. Let Cg denote the collection of 
finite index subgroups of G, and let CG{n) denote the collection of subgroups 
of index n. If aG{n) = |£g(^)| grows at most polynomially in n, then G 
is said to have polynomial subgroup growth. For example, if G is nilpotent 
then G has polynomial subgroup growth. When G has polynomial subgroup 
growth, the Dirichlet series ([T]) is frequently used as a generating function 


A DYNAMICAL ZETA FUNCTION 


5 


for the sequence {acin)). For further details concerning groups and their 
subgroup growth properties, see m- 

There is a natural partial order on Cg given by snbgroup inclusion and, 
since adn) < oo for all n ^ 1, the poset Cq is locally finite, that is each 
interval 

[L,K] = {M Cg ■■ L M K] 

is a finite set. This means that one may define a corresponding Mobius 
function fi on the set of intervals by 

^{L, L) = 1 for all L G Cg 

and 

//(L, K) = — all L < iF in Cg- 

Li:M<K 

Note that the classical Mobius function on the group of integers coincides 
with the Mobius function on the set of intervals in the lattice of finite in¬ 
dex subgroups of Z on writing /r(n) = /r(nZ, Z). For further background 
concerning this combinatorial framework, see Stanley’s book |34j . 

Let 0{Cg) denote the set of orbits that arise from the natural conjugation 
action of G on Cg given hy g ■ L = gLg~^, where g & G and L G Cg- This 
action is clearly trivial if G is abelian. Note also that conjugate subgroups 
are isomorphic and have the same index. Since there are only finitely many 
subgroups of any given index in G, all orbits of this action are finite. The 
cardinality |0| of an orbit O G 0{Cg) containing a subgroup L is equal to 
the index of the normalizer Ng{L) = {g £ G : gLg~^ = L} of L, as this is 
also the stabilizer of L under the action of subgroup conjugation. 

Now suppose a is a G-action on a set X, with the property that the 
cardinality Fa(L) of the set of L-periodic points FiXa(L) given by ([T]) is 
finite for all L G Cg- We observe the following elementary properties. 

Lemma 2.1. Let the group G and the G-action a be as above- Then 

(i) X G FixQ(L) L ^ Stab(x) 

(ii) 5rFix„(L) = FixdgLg~^) 

(hi) Stab(gx) = 5 Stab(x)( 7 “^ 

for any L G Cg, x £ X and g £ G- 

By Lemma I 2 .III 111 I) . the equivalence relation defined by 
X ~ y Stab(x) = Stab(y) 
also satisfies, for all g £ G, 


X r-j y ^ gX r-j gy. 

This defines a block system for the action of G on X. A finite orbit Y C X 
is partitioned into blocks of the form 

B{L) = {x £ Y : Stab(x) = L}, 
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for the subgroups L G Cq that occur as stabilizers of elements of Y. So, for 
any block B <ZY and any g £ G, we have either gB = B or gBr\B = 0. The 
blocks comprising Y have the same cardinality, which is |y| divided by the 
number of distinct subgroups of G occurring as stabilizers of elements of Y. 
Therefore, if Y is an orbit containing an element with stabilizer L, since 
the action of G on T is transitive. Lemma l2.1l|iiill shows that the number 
of such distinct subgroups is given by |n(L)|, where n(L) G 0[Cg) is the 
unique orbit containing L. Clearly L ^ Ng{L) and Stab(L) = Ng{L). 
Therefore, |0(L)| = [Ng{L)] and [G : Ng{L)][Ng{L) : L] = [G : L], In 
particular, |n(L)| divides the orbit length |y| = [L], where this equality 
follows from the orbit-stabilizer theorem. Hence, each block forming part of 
the orbit Y has cardinality 

[L]/|L!(L)| = [L]/[Ng{L)]. (7) 

The following example illustrates how the block system functions for a 
dynamical system arising from an action of the infinite dihedral group Do©- 

Example 2.2. Consider the group Do© = (a, 6 : 6^ = l,ab = ba~^). For 
each odd index re, there are exactly re distinct subgroups of Dqo of index re, 

(a", 6), (a"', ab), {a'^,a^b), ..., (o”, a'^~^b), (8) 

and for each even index re, in addition to the subgroups ([8|), there is one 
additional subgroup of index re. An action a of Dqo on the torus 

= (M/Z)^ is generated by multiplication by the matrices 

which satisfy B^ = 1 and AB = BA~^. A method for calculating periodic 
points for this example is explained in [231 Ex. 2.2]. Here, it is shown how the 
finite orbits of this action intersect FiXa(L) for the particular subgroup L = 
(a®, 5), according to the block system just described. The subgroup L has 
conjugates {a^,a?‘b) and {a^,a‘^b) and supergroups {a^,b), {a‘^,b) and (a, 6). 
Amongst the supergoups, only (a^, b) has distinct conjugates, namely (a^, ab) 
and (a^, a'^b). All the subgroups just mentioned occur as stabilizers of points 
in the finite orbits of a that intersect Fix^ {L). These 7 orbits Ti,..., y 7 are 
illustrated by the rows in Table [H Stabilizers of points are shown above 
them, and the set FiXa(L) comprises the 12 points in the final column of the 
table. Individual cells in the table containing the periodic points correspond 
to blocks in the block system for a. 


Given any L G Cg, write Oa{L) for the number of orbits of the action a 
on X that contain at least one element x with Stab(a:) = L. The following 
lemma connects Oq,(L) and Fa(L). 

Lemma 2.3. Let G be a finitely generated group and let a be a G-aetion a 
set X sueh that for all L G Cg; Fq(L) < oo. Then, for any L G Cg, 
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Table 1. Orbits intersecting FixQ,((a®, 6)) in Example 12.21 



(» D(r)=E^o„w, 

(ii) 0„(L) = Y1 KL,K)f^{K). 

Proof. Orbits of the G-action a on X intersect FiXct(T) in blocks, and ([i]) fol¬ 
lows immediately from Lemma [2T]jI]) and ([7]). Consequently, ([n]) is obtained 
using the dual form of Mobius inversion [341 Prop. 3.7.2]. □ 

Remark 2.4. Lemma 12.31 corrects an earlier oversight by the author and 
Ward in their work on orbit counting, specifically in [241 Eq. (2)] and |23l 
Eq. (2)], where Oa{L) is defined as it may be more simply when G is abelian, 
and the factor [iVG'(L)] is omitted. However, the main results in |24] and |23] 
remain unaffected because this missing factor is cancelled in the principal 
orbit counting formula, derived here with the appropriate correction for the 
non-abelian case in Proposition 12.81 





















RICHARD MILES 


Recall the definition of Co given by ([2]). It is also sometimes useful to 
write 

Ca(z)=exp^i 

n^l L^Cain) 

Note that the formal power series for Co is thus obtained by composition of 
generating functions in the usual way. 

If a and /? are actions of a finitely generated group G on sets X and Y 
respectively and there is a bijection cj) : X ^ Y such that for all s' G G and 
all X & X, 

= g(p{x), 

then, for all L G Cg, F/ 3 (L) = Fq(L). Hence, Co and C/3 are identical. Thus, 
the dynamical zeta function is an invariant of bijective conjugacy. 

If a is an action of a finitely generated PSG group G on a set X, we define 

g(a) = limsupT^logF„(L) = lim sup log Fa(T). (9) 

[L]^oo m [TJ 

Since G has polynomial subgroup growth, if Fq,(L) < oo for all L G Cq, 
then the usual Hadamard formula shows that Co bas radius of conver¬ 
gence exp(—g(a)). 

A G-action on a compact metric space (A, p) is called expansive if there 
exists r > 0 such that snpg^Q p{gx,gy) ^ r for all distinct x,y ^ X. In 
the classical setting of a topological dynamical system where a is generated 
by a single expansive homeomorphism of a compact metric space, Bowen [3] 
shows that there exist constants Gi, G 2 > 0 such that for sufficiently large n, 

Gi exp(h(a)n) ^ FQ,((n)) ^ G 2 exp(h(Q!)n), (10) 

where h(a) is the topological entropy. Hence, g(Q;) = h(a). For non- 
expansive Z-actions, periodic point counting estimates so closely tied to 
entropy should not be expected (for example, see [IZ]). Moreover, for more 
general group actions, even with the assumption of expansiveness, there is 
little reason to expect a direct relationship between g(a) and h(a). For 
instance, Lind [l8] gives an example of an expansive Z^-action a by con¬ 
tinuous automorphisms of a compact abelian group such that g(a) = log 4 
and h(a) = log3. Another particular case for which g(a) = h(a), is that 
of an expansive action a of Dqo by continuous automorphisms of a com¬ 
pact abelian group, considered by the author in [23]. This is achieved by 
obtaining bounds analogous to (llOp for all subgroups of index n. However, 
in Section (H it will be seen that no such analogous result is possible for 
expansive actions of all other virtually cyclic groups (that is, those that are 
neither isomorphic to Z nor Dqo) when h(Q;) > 0. 

In [22], it is shown that a mixing Z^-action a by automorphisms of com¬ 
pact connected finite dimensional abelian group X satisfies g(a) = 0. Using 
this result as a basis, we see that a similar result holds much more generally. 
For an algebraic characterization of mixing, see [30]. In the context of the 
theorem, it ensures Fq,(L) < 00 for all L G Cg- 
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Theorem 2.5. Let a be a mixing action of a polycyclic-by-finite PSG group G 
by automorphisms of a compact connected finite dimensional abelian group X. 
If G has Hirsch length at least 2, then g(a) = 0. 

Proof. Firstly, since a is mixing, any non-trivial subaction is also mixing. 
Consider a subnormal series of G of the form ([6]), so that G 2 = Z x Z. Since 
Aut(Z) = C 2 , a standard argument shows that this semi-direct product con¬ 
tains a subgroup isomorphic to Z^, so G contains a subgroup H isomorphic 
to 1?, and the subaction /? of Ff on X is also mixing. Furthermore, for 
any L G [H : H Cl L] ^ [G : L] and 

F„(L) ^ F„(iFnL) = fp{HnL). 

Therefore, 

TT] ^ [H -.HnL] ^ 

and so g(a) ^ g(/3)- Moreover, since ft is mixing, |22l Th. 1.1] shows that 

g(^) = limsup —logF; 3 (iF) = 0, 

[H-.K]-^oo W '■ P\ 

as K runs through finite index subgroups oi H. □ 

When g(a) = 0, an application of the Polya-Carlson theorem [311 Ch. 6, 
Th. 5.3] together with Shalev’s classification of groups with bounded sub¬ 
group growth [32] leads to the following results. 

Proposition 2.6. Let a be an action of a polycyclic-by-finite PSG group G 
of Hirsch length at least 2 on a set X such that fa{L) = 0 for at most finitely 
many L G Cq- U g(«) = 0 and the formal power series for fa has integer 
coefficients, then fa has the unit circle as a natural boundary. 


Proof. Since fa has integer coefficients and radius of convergence 1, the 
Polya-Carlson theorem implies that fa is a either a rational function or has 
the unit circle as a natural boundary. As in [181 Ex. 3.4], suppose for a 
contradiction that fa is rational, that is 


fa{z) 


n5=i(i 


for some A, ^ 1 ,..., 771 ,..., G C. Elementary calculus then shows A = 1 

and ^ ^ 

= ( 11 ) 

LeCcin) i=l i=l 

Since fa is analytic inside the unit disk, \r]j\ ^ 1 for 1 ^ j ^ i. Eurthermore, 
as fa is the exponential of a convergent power series inside the unit disk, we 
also have J^i] ^ 1 for 1 ^ i ^ k. Hence, 


an{G)^ ^ fa{L)^k + e, 
L&Cain) 


(12) 
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where the first inequality holds for all but hnitely many n by hypothesis, 
and the second inequality holds for all n, by m- However, Shalev |32t 
Th. 1.2] has shown that an{G) = 0(n) if and only if G is virtually cyclic. In 
particular, since G has Hirsch length at least 2 by hypothesis, the bounded 
subgroup growth purported by (fT^ contradicts Shalev’s theorem. □ 

Corollary 2.7. Let a be a mixing action of a polycyclic-hy-finite PSG 
group G of Hirsch length at least 2 by automorphisms of a compact con¬ 
nected finite dimensional abelian group X. If the formal power series for Ca 
has integer coefficients, then Ca has the unit circle as a natural boundary. 

Proof. This follows from Proposition 12.61 and Theorem 12.51 □ 

We return to the appearance of a natural boundary for the dynamical 
zeta function for full shifts in Section 01 A more detailed investigation of 
dynamical systems for which the zeta function has a natural boundary is 
beyond the scope of this article, even for actions generated by automor¬ 
phisms of compact abelian groups. See m and [25] for some of the more 
subtle issues involved in the case G = with d 2. In this setting, Lind 
conjectures [IHl Conj. 7.1] that (a is meromorphic for \z\ < exp(—g(a)), 
where g(a) is the limit obtained in Q by replacing [L] with 

min{||n|| : n G L \ {0}}. 

Lind also conjectures that the circle \z\ = exp(—g(a)) is a natural boundary 
for the function. Although some progress is made in addressing Lind’s con¬ 
jecture in |22] and |25|, this remains open in the general context of Z'’*-actions 
by automorphisms of compact abelian groups. 

To conclude this section, we consider the dynamical zeta function’s utility 
for counting finite orbits. For an action a of a finitely generated group G, 
denote the number of orbits of a of cardinality at most N by 7ra{N). 

Proposition 2.8. Let G be a finitely generated group and let a he a G-action 
on a set X such that for all L G Cq, Fq(L) < oo. Then 

MN)= Y, ^ 

[L]^Ar ^ J K^L 

Proof. First note that x £ X lies in orbit of length n if and only if Stab(x) G 
For any L G Coin) and for any orbit of the action of a on A that 
contains a point with stabilizer L, the stabilizers of all the other elements 
in this orbit are of the form gLg~^, for some g £ G, hy Lemma I 2 .III 111 I) . 
There are [Ng{L)] such stabilizers, all of index n, as this is the length of 
the orbit H of L under the action of G on Coin) given by conjugation. 
Furthermore, Oq,(L) gives the number of orbits in X with a stabilizer in H, 
for any choice of L G LI. Letting H run over all orbits in Cain), we may 
express the number of orbits of length n for the action a as 

('ri — GqjL) _ Oa{L) 

V 1*^1 k kk ^ 
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which, by Lemma 12.31 is equal to 

L&Cain) K^L 

The formula for Tra{N) now follows. 


□ 


Following US], write sg{N) = (^Gin). Define 


fa{N) = sup F„(L) and mciN) 
[L]^N 


sup 

[L]s£Af,A'>L 


\^^{L,K)\ 

[L] 


As a consequence of the orbit counting formula provided by Proposition [2]8l 
the following link between Tia{N) and the coefficients of logCa is available if 
the quantity fa{N/2)/fa{N) decays sufficiently rapidly. 


Corollary 2.9. Let G he a finitely generated group and let a he a G-action 
on a set X such that for all L G Cq, Fq(L) < oo and 

fa{N/ 2 )mG{N)sG{N)N = o(/„(iV)). (13) 

Then 


T^a{.N) ~ 

[L]^N 


F„(L) 

[L] 


Proof. By Proposition 12.81 


7^a{N)= Y E 

[L]^N ^ ‘ ^ ^ K>L 

'-V-' 

E{N) 

For any L G Cg with [L] ^ N, any proper supergroup K > L satisfies 
[K] ^ N/2, so 


E{N) 

X^[L]sSIV ^a{L)/[L] 




and the required result follows. 


□ 


Corollary 12.91 is somewhat crude, and can be improved for more pre¬ 
cise orbit growth estimates, but it is intended to illustrate and generalize 
a key idea that has featured in earlier studies of orbit growth, for exam¬ 
ple, in [2l| and [23]. For many dynamical systems of natural interest, such 
as the full shifts considered in Section (H fa{N/2)/fa{N) decays exponen¬ 
tially, whilst the other terms in (I13p . that depend only on G rather than 
on a, grow subexponentially. For example, if G is a PSG group, then sg{N) 
grows at most polynomially and, if G is nilpotent, the results of Kratzer and 
Thevenaz [IS], together with an application of Crapo’s closure theorem [8], 
show that mG{N) is sub exponential in N. Notably, these observations to¬ 
gether with Corollary 12.91 give an explicit realization of the methods of [24] 
in terms of the dynamical zeta function developed here. 
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Note that in the classical case of a Z-action, sz{N) = N and |/i(-)| ^ 1, so 
if such an action is generated by an expansive homeomorphism of a compact 
metric space, then (fT^ is satisfied due to the key estimate of Bowen (fT0|) . 
and Corollary 12.91 again applies. 

Example 2.10. Consider the group Z x (Z/pZ), where p is a rational prime. 
We have the following straightforward description of /lzx(z/pZ)- If P t then 
there is precisely one subgroup of index n, namely 

L{n,0) = ((n,0), (0,1)) 

and if p I n, then there are p subgroups of index n of the form 

L{n,k) = ((n,0),(/cn/p, 1)), 

where 0 ^ k ^ p— 1, plus one further subgroup L{n) = {{n/p, 0)) of index n. 

Now consider the particular case of an action of G = Z x (Z/3Z). The 
matrices 


/I 

2 

1 

0\ 


/O -1 0 0 \ 

-2 

3 

0 

1 

and B = 

1-10 0 

1 

0 

0 

0 

0 0 0 -1 

VO 

1 

0 

0 ^ 


\0 0 1 - 1 / 


satisfy AB = BA and B^ = I 4 , and together generate a G-action a by 
automorphisms of the torus T^. The matrix A has characteristic polynomial 
+ 4x + 1 with non-real roots a;i,aJi,a;2,^2, for which Icjil 
2.764, \oj 2 \ ~ 0.362 and a;ia;2 = —1. 

The set of fixed points FixQ,(B) = {(I, : j,k = 0,1,2} is a 

closed ^-invariant subgroup of T^. Since FixQ,(L(n, 0)) ^ FixQ,(i?) for all 
n ^ 1, a standard computation shows 

F„(L(n.0)) = {^ If sin! 

So, if 3 f n, then the number of periodic points for the sole subgroup L{n, 0) 
in Coin) is bounded. On the other hand, if 3 | re, in addition to the sub¬ 
group L(re,0) € TG(re) for which Fa(L(re,0)) £ {1)9}, the 3 subgroups 
L(re), L(re, 1), L(re, 2) G C-cin) have exponentially growing sets of periodic 
points, which are also closed finite subgroups of T^. As is standard for 
compact abelian group automorphisms, groups of periodic points can be 
calculated using the intersection of kernels of homomorphisms. Upon writ¬ 
ing j = re/3, we see FQ,(L(re)) is given by 

I ker(A-^ ~ Ii)\ = I det(A-^ — 14)| 

= \uj\ — l\\Cj\ — 111^2 “ I|l^2 “ I|- 
Furthermore, FQ,(L(re,2)) is given by 

I ker(A" - J4) n ker(A^/B2 - ^4)| = | ker(A'‘ - h) n ker(A^' - B)\ (15) 
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and since - h = {A^ - B){A^^ + BA^ + B^), ker{A^ - h) C ker{A^ - B). 
Therefore, the right hand side of ()15j) is 

I det(^-^ — B)\ = \u}{ — 5||a;{ — 5||n;^ — <^11^2 “ 

where 6 = exp(27ri/3). A similar calculation shows FQ,(L(n, 1)) is given by 

I det(A'^ — B'^)\ = \u){ — — &\\^2 ~ '^l- 


Since a;ia;2 = —1, by expanding these products of absolute values, we find 
that FQ(L(re)) + FQ,(L(n, 1)) + FQ(L(n, 2)) is equal to 


3 

^ I det(AJ' -B'^)\ = 3(Ai + A^2 + A^g + A^ + 2), (16) 

k=l 


where Ai = wiwi, A2 = wiaJ2) -^3 = <^2^1 and A4 = u] 2 ^ 2 - Hence, com¬ 
bining (flTl) and (fT6l) , it follows that there exist constants Ci, 6*2 > 0 such 
that 

^ fa{N) ^ C2A1'^/^J. 

By |15l Prop. 2.4], for any given finitely generated abelian group, there is 
a constant 6*3 > 0 such that for any K,L £ Cq with L ^ K, 

HL,K)\ = \f,{K/L, 0 )\^ci^^^™\ 

so maiN) ^ • la addition, sg{N) = 3[A^/3j + N, and so our 

combined estimates show that (I13p is satisfied. Hence, Corollary 12.91 implies 
that TTaiN) ~ I][L]s;Ar Fa(T)/[L]. Thus, 




nsgN LeCain) 


E 

ns:[N/3j 


n 


_^W3J+1 


(Ai-l)LiV/3j- 


With the aid of (fTTl) and (fT6]l . Ca may be calculated as follows. 



= (1-2) ^(1-2^) 

k=l 


In particular, is rational. 


Remark 2.11. An important development in the history of dynamical zeta 
functions was the use of Tauberian theorems to derive orbit growth asymp¬ 
totics, as in the work of Parry and Pollicott 1261, [27], for example. This 
avenue opens when ^q, has an analytic continuation beyond the circle of con¬ 
vergence but often, in quite general situations, one can obtain sufficient in¬ 
formation concerning periodic point counts to deduce orbit growth estimates 
via direct methods, aided instead by Corollary 12.91 as in Example 12.101 
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3. Product formulae 


For any finite orbit Y C X, Lemma I2.1l|iiil) shows that the stabilizers 
of elements of Y comprise a single orbit in 0{Cc), and since conjugate 
subgroups are isomorphic, we may choose a representative group L{Y) £ Cg 
for this isomorphism class and uniquely define the trivial action t{Y) of L(Y) 
on a single point, together with its associated dynamical zeta function Ct(y)-, 
which is clearly invariant under the isomorphism just described. This allows 
us to express our initial product formula for the dynamical zeta function. 

Lemma 3.1. Let G he a finitely generated group and let a be a G-action on 
a set X such that for all L £ Cg, Fq,(L) < oo. Then 

Ca{z) = 

y 

where Y runs over all finite orbits in X. 

Proof. Let y denote the set of finite orbits in X and for each L £ Cg, let 
^a{y,L) = \Y nFiXa(L)|. Let n(T) £ 0{Cg) comprise the set of stabilizers 
of elements of Y, so that by Lemma [2Tlfi|) and (l7|) 

' ^ KeniY) 

where y(L,iL) = 1 if L ^ iL and xiL,K) = 0 otherwise. Therefore, 


Caiz) = 


“p E E 

l&Cg Y&y ^ ^ 

n -p E 

Y<^y LeCa ^ ' 

n^pjsl^E E 


xiL,K) 


Y&y ' ' '' L&CGK&n(Y) 

Reversing the order of summation over L and K gives 


[L] 


\L] 


Coc{z) = exp 


\Y\ 


E E 


1 


AL] 


Yey 


|0(y)| ^ ^ [L]' 

' ^ Ken(Y)LeCK ^ ■' 


Furthermore, since all K £ fl(y) satisfy [K] = |y|, it follows that 

1 


Ca{z) = 


n 

Yey 




E E 

LgCk 

E 


n “P E ^ E 

Yey Ken{Y) ' ^ lgCk ^ ^ 


Ak]'^[k-.l] 


n E 

YeyK&n{Y) 


1 


|L!(y)| 
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The required result follows by factoring Ct(y)(' 2^^^^) out from the sum. □ 

By now employing the Dirichlet series Al, defined for each subgroup 
L S Cg by dS]), we are able to prove Theorem ll.il 

Proof of Theorem \l.l[ First consider the case where r is the trivial action 
of a group L G Cq on a singleton Y. By the definition of we have 
Cl{z) = C{z)Al{z — 1) and Dirichlet convolution gives 

aiin) = ■ bLid). (17) 

d\n 

Furthermore, since Fr(T) = 1 for all L G Cg, using elementary operations 
on formal power series, we obtain the functional equation, 

Hence, CZD together with a standard application of Lambert series gives 

= E E <* ■= E«■ 

n^l d\n n^l ^ ^ 

Dividing by z and solving the resulting differential equation, we obtain 
logCr(2) = - '^biin) log(l - z"-). 

n^l 

Thus, 

Cr{z) = ll{l-Z^)-^^^^\ (18) 

In the general case, where a is a G-action on a set X such that Fq(L) < oo, 
for all L G Cg, the required product formula ([5]) now follows from ([T2D and 
Lemma 13.11 

To see that the formal power series for has integer coefficients when Ax, 
has integer coefficients for all L G Cg, we simply need to expand the prod¬ 
uct ([5]) in terms of geometric series, as Lemma 12.31 shows there can be only 
finitely many orbits of a given cardinality. □ 


Remark 3.2. For an action generated by a single invertible transformation, 
the acting group is G = Z and all subgroups in Cg are isomorphic to Z. So, 
for all finite orbits Y, Ax(y)(2:) = C,z{z + 1) /C,{z + 1) = 1, and so 6x(y)(l) = 1 
and bi^(Y){n) = 0, for all n ^ 2. Consequently, Theorem ll.il gives the familiar 
product formula ([1]) in the case G = Z. 

Examples of the following type have been considered in m and [23]. 
Such examples show that integrality of the coefficients in the formal power 
series expansion for fa cannot be expected in general. We also see how the 
principal product formula given in m may be deduced from Lemma EH 
by setting G = Doo- 
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Example 3.3. The subgroups of the infinite dihedral group Do© are de¬ 
scribed in Example 12.21 This description gives Cdoo(-2^) = -|- ({z — 1) 

and Adoo(' 2^) = 2 ~^~^ -\- (^{z)/(^{z + 1), which does not have integer coeffi¬ 
cients. In principle, the rational exponents in Theorem ll.ll mav be calculated 
using Ad^. However, for this example we appeal to Lemma l3. 1 1 directly. 

Suppose a is an action of Dqo on a set X such that that Fq,(L) < oo for 
all L G Tdoo • There are just two isomorphism classes in Tdoo corresponding 
to Doo and Z and these partition the orbits of a into two sets Tdoo 
respectively, depending on the isomorphism class of the stabilizers of the 
elements in the orbit. Therefore, upon calculating the individual dynamical 
zeta functions for the trivial actions of Dqo and Z on a point, Lemma l3.ll 
gives 


u{z) = n 








nr 




-2TI 


precisely as in m- 

Notice that the trivial action r(Doo) of the infinite dihedral group on a 
point has dynamical zeta function 


CT(Doe)(^) = exp J]] 

n^l 


«Doc(^) ..n 

n 


1 

y/l — z"^ 


exp 


z 

1 -z’ 


(19) 


which can be written explicitly as the power series 


2 8 o 25 4 

l + z + 2z^ + -z^ + —z^ 

3 D 


169 . 361 3364 7 


Remarks 3.4. 

(i) More generally, orbits may be partitioned similarly to the example 
above, giving an alternative formulation of the product formula in 
Lemma [3.11 That is, if iS(a) C jCg is a set of representatives for the 
isomorphism classes of stabilizers in £g and if for each L G 5(a), Tl 
denotes the set of orbits with stabilizers isomorphic to L, then 

n (20) 

L€Sia),YeyL 

where Cr(L) denotes the trivial action of L on a point. 

(ii) The problem of determining if the Dirichlet series Al has integer co¬ 
efficients for all L G Cg appears to be highly non-trivial in general. 
On the surface, it requires explicit knowledge of the isomorphism 
classes in Cg, although it seems to be a property enjoyed by par¬ 
ticular classes of groups. For instance, as a result of the explicit 
formulae available for (^g, for each nilpotent group G considered 
in Section [U Ag is seen to have integer coefficients. If this is the 
case for all nilpotent groups, then Theorem 11.11 would show that 
the formal power series for (a bas integer coefficients for any ac¬ 
tion a of a nilpotent group, as every subgroup of a nilpotent group 
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is nilpotent. This issue is discussed further in Section [5l Note that 
the subsequent examples involving planar symmetry groups show 
that Ag may have integer coefficients for non-nilpotent G. 

4. Full shifts and related examples 

Let G be a finitely generated group, let ^ be a finite alphabet of cardi¬ 
nality A, and let X = . The full shift action cr(G) of G on A is defined 

as follows. For each x = (xg) and each h £ G, let {hx)g = Xhg- The full shift 
(t(G) on is an expansive action with respect to any metric compatible 
with the product topology on A^. Furthermore, for each L £ Cq, we have 

To see this, choose a set of right coset representatives K for the subgroup L. 
Each g £ G can be written uniquely in the form ik, where i £ L and k £ K, 
and X £ FiXo-(G)(L) if and only if for all h,i ^ L and all k £ K, XMk = xik-, 
that is, if and only if for all /i G L and all k £ K, Xhk = Xk- So, the 
points of FiXo-(G)(L) are determined by the = A^^^ free choices for the 
coordinates Xk, k £ K. Thus, if r(G) denotes the trivial action of G on 
a point, then using the same method as in the proof of Theorem m we 
obtain the following refinement for full shifts. 

Theorem 4.1. Let G be a finitely generated group and let (t(G) be the full 
shift of G on A^, where A is a finite alphabet. Then 

where A = |.4| and the exponents bain) £ Q, n 1, are the coefficients 
of the Dirichlet series Ag(2:) given by Hence, the formal power series 
for Ca{G) {^) has integer coefficients provided that the Dirichlet series Aq has 
integer coefficients. 

In conjunction with Proposition 12.61 we thus obtain the proof of Theo¬ 
rem [01 

Proof of Theorem 11.HI Assuming that Aq has integer coefficients, the prod¬ 
uct formula of Theorem O shows that the formal power series for Co-(g) 
has integer coefficients, as a consequence of the formal power series for Cr(G) 
having integer coefficients. In particular, Proposition 12.61 implies that Cr(G) 
has the unit circle as a natural boundary, since g(T(G)) = 0. Moreover, 
since Ca{G)i^) = Ct{g){^^)^ it follows that the circle \z\ = A~^ is a natural 
boundary for C(t(g) • 

Table [2] gives some examples where the formulae available for fc (see m 
Ch. 15] and [9l Sec. 4]) can be used in combination with Theorem 14.11 to 
find explicit formulae for Co-(G)- These examples are of particular interest 
because Aq has integer coefficients in all cases, and hence so too does the 
formal power series for Co-(G)- Here, H denotes the discrete Heisenberg group 
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and we have used the Hermann-Mauguin notation pg, pm and cm for the 
examples of planar symmetry groups, which are finite extensions of 1?. The¬ 
orem 11.21 applies to all the examples in Table O with the obvious exception 
of G = Z. 

Table 2. Examples of groups for which Ac and the formal 
power series for Co-(G)('^) have integer coefficients. 


G 

Presentation 

^ciz) 

Z 

pg 

pm 

cm 

H 

(a) 

(ai,..., Od : [aj,ak] = 1,1 ^ j,k ^ d) 

{a, b, c : [a, b] = 1, = a, be = cb~^) 

{a, b, c : [a, b] = [a, c] = = 1, be = eb~^) 

{a, b, e : [a, b] = e^ = 1, be = eb~^,ae = eab) 

{a, b, e : [a, b] = e, [a, c] = [b, c] = 1) 

1 

UtlCiz-k) 

dz) 

(l + 2--+i)C(z) 

(1 + 4 ^)C(z) 
C(zK(2zK(2z - 1) 
C{3z) 


We may calculate dynamical zeta functions directly using the final column 
in Table [2] in combination with Theorem 14. II For a full shift of Z^, Lind |18] 
observed that the dynamical zeta function has the form P{Az), where 

F(2) = n(i-2”r‘ 

is the additive partition function. It is also evident that the full shift of pg 
has the same dynamical zeta function, since 

Cpsiz) = Cz2(z) = C(2}C(z - 1 ) 

by [9l Th. 1.3]. The formula for Apm in Table [2] gives 

t(pm)L) = 

= F(z)P(z^f, 

and a similar calculation shows Cr(cm)(^) = P{z)P{z^). Finally, for the 
discrete Heisenberg group, by using Ah, we find 

Cr(H)(^)= n 
In all cases, C(T(pm)('^) CT(pm)(^'2)' 

There is a rich source of examples closely related to full shifts available for 
groups given in the form of a semi-direct product G = K H, where H 
and K <G. Since each element of G can be expressed uniquely as a pair kh, 
with k € K and h ^ H, and since iL is a normal subgroup, we may define 
an action of G on the shift space X = via {khx)j = where x = 

{xj) £ X. Using this construction, the following example illustrates how the 
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subgroup conjugacy class structure in Cq features significantly in examples 
only slightly more complicated than full shifts. 

Example 4.2. Consider the shift space X = and the action a of the 
group pm = XI C 2 on X generated by 

— Xijjf-l (cx)jj — Xi^—j 

where x = (xjj) € X. 

As shown in B Sec. 5], there are four isomorphism classes of subgroups 
in ^pm corresponding to pm, pg, cm and pi = Furthermore, the con¬ 
jugacy classes of subgroups can be split into families parameterized by these 
isomorphism classes and pairs of positive integers {k,m), as summarized in 
Table [3l The final family appearing in Table [3] corresponds to the isomor¬ 
phism class pi and requires an additional parameter 0 ^ j ^ The 

function 0^ : Z —{0,1} appearing for these conjugacy classes is dehned by 

f 1 if j = 0, 

= \ 1 if 2 I A: and j = k/2, 

[ 0 otherwise, 

and is used to give the appropriate normalizer. For a given pair of posi¬ 
tive integers {k,m), there are precisely k subgroups in as 

£p^{k,m) is comprised of a conjugate pair whenever 6 k{j) = 0, and is a 
singleton otherwise. 


Table 3. Subgroup conjugacy classes in Cpm for Example 14.21 


Family 

Representative (L) 

[L] 

Npm{L) 

Wpm{L)] 



2 km 

{a,b^,c) 

m 



2 km 

{a,b^,cb) 

m 



k{2m — 1 ) 

(a, 62^-1, c) 

2 m — 1 

{k,m) 


Akm 

{a,b^,c) 

m 

£|g(A:,m) 

(a2^62™,ca^6) 

4km 

{a,b'^,cb) 

m 



2 k{2 m-l) 

(a, 62^-1, c) 

2 m — 1 

Tcm(^) 


2 km 

{a,b^,c) 

m 



2 km 

{a,b^,cb) 

m 

Tpi(A:,m) 


2 km 

(o,6,c®^(T) 

2 - ek{j) 


For each subgroup in a given conjugacy class, the number of points hxed 
by the subgroup is the same. This quantity has been calculated for each 
representative subgroup L and is shown in Table HJ along with the associated 
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contributions to Ca{z)- For example, the contribution from Cp^{k,m) is 

__™ . Ak(m+1) _ _ 1 

k,m^l m^l 

= Q{A-Az^fl‘^. 

where A = |^| and Q{w;z) = nn^i(^ “ wz'^)~^ (so, Q is the reciprocal 
of an infinite shifted factorial and Q(l;z) = P{z)). Notice that the com¬ 
bined contribution to Ca{z) from the conjugacy classes corresponding to the 
isomorphism class of pg is Q{1-, Az'^y^'^. Hence, the product of the contri¬ 
butions appearing in the hnal column of Table 0] gives 

Ca{z) = Q{z-^;Az‘^)Q{A;Az‘^)Q{l-,Az^)^. 

Table 4. Contributions to Ca{z) for Example 14.21 


Class (£) 

F(L), L G £ 

exp 


Cl^{k,m) 

Cl^{k,m) 

Cl^{k,m) 

Cl^{k,m) 

j^km 

j^km 

j^km 

j^km 

j^k{ 2 m—l) 

j^k{m+l) 

j^km 

j^km 

Q{A-Az^YP 

Q(l;Az2)V2 

Q{z~^-,Az^) 

Q{l-A^z^fl^ 

Qil-A^z^f/^ 

Q(H-1z-2;H2z4)1/2 

Q{A;Az^fl^ 

Q(l;x4z2)V2 

Q(l;Az2)V2 


It is worth noting that as a result of applying the formulae for (^g given 
in [9], Ca{G) appears not to have integer coefficients for all 13 remaining 
planar symmetry groups. For example, for 

p2 = (o, b, c : [a, b] = = 1, ac = ca~^, be = cb~^), 

we have Ap2(^) = Ciz)C{z — 1)/(^{z + 1) + 2 ~^~^(^{z), from which we deduce 

Hence, Qcj{'p 2 ){z) = Ct(p 2)(^'2;) does not have integer coefficients. 

For any action a of the group pm on a set X with |F„(L)| < oo for 
all L G Tg, the formulae in Table [2] may also be applied in conjunction 
with (|20p to give a product formula for C,a in terms of orbits. In particular, 

u ^)=n n n 

Yay Y&ycrr, Y&yprr. 
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where y denotes the set of all orbits in X and 3^pm, 3^cm C y denote the sets 
of orbits with associated stabilizers that belong to the isomorphism classes 
corresponding to pm and cm respectively. 

To contrast with the examples considered thus far, we now consider full 
shifts and related actions of virtually cyclic groups. It is well known that 
for a Z-action a generated by a hyperbolic toral automorphism or by a shift 
of finite type, Ca is a rational function m, 0 . For a Z-action a generated 
by an ergodic automorphism of a compact abelian group, it is conjectured 
in [3] that if Ca fails to be rational, then this function is not analytically 
continuable beyond the circle of convergence, and therefore has a natural 
boundary. However, this dichotomy is clearly not the case more generally. 
For example, Cf7(Doo)('^) ~ ^ cardinality of the 

alphabet and Ct(Doo) given by (fT^ . So, C(t(Doo) rational but there is 

an analytic continuation of C(t(Doo) beyond the circle \z\ = A~^, and Co-(Doo) 
is in fact holonomic. 

The extent to which rational dynamical zeta functions are possible for 
actions of infinite virtually cyclic groups is not yet clear. Further to Ex¬ 
ample EtHI some examples where Ca{G) is rational are given in Table O In 
each case, G is the direct product of Z with a hnite group and Cg may be 
calculated with aid of Goursat’s lemma and GAP [H]; this subsequently en¬ 
ables the calculation of Aq, and Co-(g) is then obtained using Theorem 14.11 
Here, Dg is the dihedral group with 8 elements, UT(3,3) is the group of 
unitriangular matrices over Fg, and p is any rational prime (whereby, we 
obtain infinitely many virtually cyclic groups of the form G = Z x i^/p'L) 
for which Co-(G) is rational). 


Table 5. Examples where Ca{G){^) = Ct{Az) is rational. 


G 

^g{z) 

Ct{z) 

Z X ifLlpTl) 

1 + ^ 

{1 - z)-\l - zP)-^ 

Z X Dg 

Z X UT(3,3) 

1 + ^ + ^ + p- 
1 + ^ ^ ^ 

(1 - z)-\l - z2)-3(1 _ 

(1 - Z)-1(1 - Z^)-\l - Z^)-^{1 - z27)-l 


We conclude by using variations on full shifts to show that bounds analo¬ 
gous to those obtained by Bowen ([TO]) should not be expected for expansive 
actions of virtually cyclic groups in general. In particular, there is no tight 
connection between the radius of convergence of Cq and the topological en¬ 
tropy. Additionally, as well as giving a concrete instance of the the following 
proposition, the hnal example provides another rich source of actions related 
to full shifts for which is rational. 

Proposition 4.3. Let G be an infinite virtually cyclic group. If G is neither 
cyclic nor isomorphic to the infinite dihedral group, then there exists an 
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expansive action a of G by continuous automorphisms of a compact abelian 
group such that g{a) > h(Q:) > 0. 


Proof. Since G is infinite and virtually cyclic, there exists a surjective ho¬ 
momorphism (j) : G ^ H, where H is either infinite cyclic or isomorphic 
to Doo (see, for example, [HI Ch. 2]). By assumption, K = ker((/)) is non¬ 
trivial. Furthermore, we may define an expansive action a of G on the shift 
space via 

{gx)h = x^(^g)h, ( 21 ) 

where .A is a finite alphabet and x = {xh) £ A^. A standard entropy cal¬ 
culation shows that this G-action has topological entropy h(o;) = j^logA, 
where A= |A.|. 

Now consider the sublattice /C C Cg comprised of finite index subgroups 
of G containing K. Via the correspondence theorem, every element L € JC 
satisfies [G : L] = [H : 4>{L)]. Furthermore, for all L € JC 

F„(L) = 

so g(a) ^ log A. □ 


Example 4.4. Let G = Z x ifLjpT^^ where p is a rational prime. Since the 
full shift of G has 


C(g)(^) = (1-A^)-1(1-A?’2P)-\ 

where A is the cardinality of the alphabet, it follows that g{a{G)) = log A = 
h(a(G)). 

The description of Cq given in Example 12.101 allows us to calculate Co 
for the expansive action a of G defined by ([211) with : G —)• Z being the 
natural coordinate projection. Notice that 4>{L{n,k)) = i^) when A: = 0, 
and 

4>{L{n,k)) = (gcd(n,/cre/p)) = (n/p) 

when 1 ^ A; ^ p — 1. Furthermore, for all L G Cd, Fq(L) = 
Therefore, if p f re, 

F„(L) = F„(L(re,0))=AT 

LeCain) 

Whilst, if p I re, 


E ^-{L) 

LeCcin) 


p-1 

F„(L(re, 0)) + F„(L(re)) + E Fo(T(re, k)) 

k=l 


p-1 

A" + A”/P + E 

k=l 


A" + pA^/P. 


Hence 


Uz) = {1-Az)-H1-AzP)-^ 
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and so Co is once again rational. This time, however, g(a) = log A, yet 

h(a) = ilog^. 

5. Concluding Questions 

(i) It would be interesting to know if Aq has integer coefficients when¬ 
ever G is nilpotent. If G is nilpotent, as shown in |19l Ch. 15], the 
arithmetic function ac is multiplicative and there is a product for¬ 
mula of the form Cg = OpCG.p, where Cg,p(^) = E£o 

and p runs through all rational primes. This means that the ques¬ 
tion of whether or not Aq has integer coefficients may be con¬ 
sidered locally, as the Euler product for 1/C enables us to write 
= Op ^G,p, where 

Ag,p = (1 - P"^"^)Cg,p( 2: -h 1). 

Consequently, Aq has integer coefficients if p® | ac{p^) — aG{p''~^) 
for all i ^ 1 and all primes p. 

(ii) For which groups G is the dynamical zeta function rational for all 
expansive G-actions by automorphisms of compact abelian groups? 
Is it necessary for G to be virtually cyclic? Note that the dynami¬ 
cal zeta function C(t(Doo) shows that this condition is certainly not 
sufficient. 

(iii) For a fixed acting group G, is it possible to have both rational and 
irrational zeta functions for expansive G-actions by automorphisms 
of infinite compact abelian groups? 

(iv) What dynamical information is encapsulated by the function 

C(2) = exp 

where Cq C Cg is the sublattice of normal subgroups of finite 
index? In light of the many available results for Cg, this also seems 
to be a very natural object to study. 
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